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ABSTRACT. On a bounded open set f2 of R 2 with smooth boundary, we consider two sequences 
of functions (uj)i and (Vi)i such that, 

Ant = Vie"» in f2, 
Ui = 0, on dQ. 

With, 0<a<V,<ft< +00. 
Assume that, 



If. 



or. 



We have, 



/ 
■IV. 



e u 'dx < C. 



a > 0, 



a = and V z -» V in C°(Q). 
ll u i|L~(f2) < c(a,b,C,n). 



1. INTRODUCTION AND RESULTS. 

We set A = — d\\ — 822 the geometric Laplacian on M 2 . 

On an open set 17 of R 2 , with a smooth boundary, we consider the following problem: 

iAu = Ve u in ft, 
1 u = on 3f2. 

The previous equation is called, the Prescribed Scalar Curvature, in relation with conformal 
change of metrics. The function V is the prescribed curvature. 

Here, we try to find some a priori estimates for sequences of the previous problem. 

Equations of the previous type were studied by many authors. We can see in [B-M], different 
results for the solutions of those type of equations with or without boundaries conditions and, 
with minimal conditions on V, for example we suppose V > and V £ L p (fl) or Ve u 6 L p (f2) 
with p G [1, +00]. 

We can see in [B-M] the two following important Theorems, 

Theorem A(Brezis-Merle).If and (Vi)i are two sequences of functions relatively to the 
problem (P) with, <V{ < b < +00 and e Ui dx < C, then, for all compact set K of ft, 

sup Ui < c = c(a, b, C, K, ft) 

K 

Theorem B(Brezis-Merle).If and (Vi)i are two sequences of functions relatively to the 
problem (P) with, 0<a<Vi<b< +00, then, for all compact set K of ft, 
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sup Mi < c — c(a, b, K, £1). 

K 

If, we assume V with more regularity, we can have another type of estimates, sup + inf. It 
was proved, by Shafrir, see [S], that, if (ui)i, (Vi)i are two sequences of functions solutions of 
the previous equation without assumption on the boundary and, 0<a<Vi<6< +00, then 
we have the following interior estimate: 

C(a/b) supui + inf Ui < c — c{a, b, K, f2). 
k n 

We can see in [C-L], an explicit value of C(a/b) — 

Now, if we suppose (Vi)i uniformly Lipschitzian with A the Lipschitz constant, then, C(a/b) = 
1 and c = c(a, b, A, K, f2), see Brezis-Li-Shafrir [B-L-S]. This result was extended for Holderian 
sequences (Vi)i by Chen-Lin, see [C-L]. Also, we can see in [L], an extension of the Brezis- 
Li-Shafrir to compact Riemann surface without boundary. We can see in [L-S] explicit form, 
(87T77J, to G N* exactly), for the numbers in front of the Dirac masses, when the solutions blow- 
up. 

The questions of Brezis-Merle : 
Question 1: 

In their paper Brezis-Merle, asked the following question, see [B-M]: 

Let us consider a sequence of functions (ui)i solutions of the problem (P) relatively to (Vi)i 
with, 

< a <V t <b < +00 
f n e»'dx<C. 
Is it possible to have, 

||«i||L°°(fi) <c' = c'(a,b,C',Cl)? 

Question 2: 

In their paper Brezis-Merle, asked the following question, see [B-M]: 

Let us consider a sequence of functions solutions of the problem (P) relatively to (Vi)i 
with, 

< Vi < b < +00 

v^v e c°(n) 

f a e«*dx<C. 
Is it possible to have, 

||wi||z,oo(Q) <c' = c'(a,b,C',Cl)? 

We can find some results which concerning this question. It was proved by Chen-Li, that if 
we suppose a — and \ \VV~i \ < A then, we a have a positive answer to the question, see 
[C-Li]. 

Also, if we assume a > and ||VVi||£oo(Q) < A, the answer to the question is positive 
without the assumption on e Ui was given by Ma- Wei, see [M-W]. 

Here, we have, 
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Theorem 1. Let us consider three positive numbers a, b, C, and, two sequences of functions, 
(ui)i and (Vi)i, relatively to the problem (P) with the following conditions: 

0<a<V<b< +00 
j n e Ui dx <C, V i 
Then, there is a positive constant c — c(a, b, C, 0) such that, 

||wj|k~(0) < c - 

Theorem 2. Let us consider two positive numbers a, b, and, two sequences of functions, (ui)i 
and (Vi)i, relatively to the problem (P) with the following condition: 

< Vi < b < +00 
< Vi -► V e C*°(ft) 

Then, there is a positive constant c — c(a, b, C, Q) such that, 

\\ui\\l^(q.) <c, Vi. 



Proof of the Theorem 1 and 2. 

Lemma 1: 

There is a subsequence (uj)j of and a measurable function u such that: 

1) u > a.e in fL 

2) J n e"dx < +00. 

3) Uj — ► u a.e in 0. 

4) Uj -» u weakly in W 1,9 (ft) for all g e [1, 2[. 

5) Uj -^«in L^(fi). 

Proof of the Lemma 1 : 
We have, 

Am, = ^e 111 in fi, 
Mj = on df2. 
We know that, 

f e u 'dx < C. 

We can use Boccardo-Gallouet Theorem, see [B-G], to have: 

< c(q,b, C',fl). 

We use the Rellich-Kondrachov embedding, to extract from (uj) a subsequence (u t ) which 
converge in some L r (il), r > 1 to some function u, we know that, we can have a weakly conver- 
gence for a subsequence (u s ) of (u t ). From a strong convergence of (u s ) in L r (£l), r > 1, we 
can extract a subsequence (u m ) which converge to u almost everywhere on fi, we can see that 
u > almost everywhere. We can use the Fatou lemma for e Um to have e" G L 1 (fi). 

Now, we can take a subsequence of exponent q n — > 2, g„ < 2 and, we use the diagonal 
process, to extract from (u m ) a subsequence (u„) which converge to u (Q is bounded), weakly 
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in W ' q (Ct), 1 < q < 2, almost everywhere and in some L h for some h > 1 large enough. Thus, 
1), 2), 3) and 4) are true. 

If we use a corollary of Theorem 3 of the Brezis-Merle paper, see [B-M], we can say that (u m ) 
isinL,~(fi). 

First, we consider an exhaustive sequence of compact sets of ft, (Ki) , we use the diagonal 
process, to have a subsequence (uj) of (u n ) which converge in L°°{Ki) to a function Mjf, for 
every compact Ki, but (uj) converge almost everywhere to u and we can conclude that uk, = u 
a.e. Thus, (uj) converge on all compact set K of ft to u. Thus, 5) is true. 

Here, we denote D(ft) the set of smooth functions with compact support in ft. We write 
supp(ip) the support of p £ D(ft). 

1) Regularity of u. 

Case l-.V^Vm C°(Cl) 

We write: 

f <V Ul \Vip> dx = [ Vte^tp, V(peD(Q). 
Jn Jn 
Because supp(ip) cell, and Ui — > u uniformly on all compact sets of ft, we have: 

/ < Vu|V<^ > dx = I Ve u ipdx 1 V <p £ D(Q). 
Jn Jn 

We know that u £ W^ q n V p > 1 and J Q e u dx < +oo. We can use the corollary 1 

of [B-M] to have J n e ku dx < +oo, and, by the elliptic regularity, we have u £ C 1 (f2). 

We know that, the regularity of (uj), and (ut)i imply that on each compact set, (V«j)j con- 
verge to a function, but we know that converge weakly to u in W ' q ,q > 1, by the diagonal 
process and the uniqueness of the weak limit, we can say that (Vui)i converge uniformly to Vu 
on each compact set of O. 

Case 2: < a < a < V, < b 

We know that (Vi) is in L°° (f2), we can use the *-weak topology and the (*-weakly compact- 
ness) Alaoglu-Banach Theorem to have a subsequence (Vi) and V £ L°°(Q) such that, 

/ Vivdx^ I Vvdx, \fv£L 1 (fl). 
Jn Jn 

A consequence of the previous result is that V > a almost everywhere in SI. To see this, it is 
sufficient to consider the functions v = l{ s > a } an d after v = l{ 9 < a }- Also, we have g < b 

Let ip £ D(SY), we can use the corollary theorem 3 of [B-M], to have the uniform convrgence 
of (ui)i on every compact, also, we use the same arguments as in the previous case 1, the "limit 
equation " is : 

/ < Vu|V<^ > dx = [ Ve u Vl V ip £ D(Q). 
Jn Jn 
with < a < V < b. We obtain the same results as in the previous case 1 . The function 

usC'fO). 



2) The local convergence 1. 
Goal 

In this part we want to prove that there is a finite number of point x\, . . . , x m £ dfl, such that 
Ui converge in C\' oc (Jl — {x\, . . . , x m ) to u . 
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We have, 



fdi 



d u Uida < C. (*) 

/an 

Then, according to the Riesz Theorem ( see [R]), there is a bounded Radon measure /x such 
that, 



/ dyUiLpda — > / <y9ci/i, V <p e C(QO). 
./an ./an 



We call x a non regular point for the measure /x if, 

MW) > 4tt. 

According to (*) there is a finite number of non regular points for /x. We denote x\, . . . , x m 
all the non regular points. 

Without loss of , we can suppose the local piece of curve around a point x is an interval of 
type [—a, a], also, we dnote xt£ the usual measure on 90 and we can write da = d[i^. 

Let xo be a regular point for fx, then, xt({x }) < 47r. Consider the family of arcs I f — 

]xo — e, x + e[e 90, we have, 

l/ e (x) ^ e ^o 1{x }( x )i l/ e — 1 an d ^ i s compact. 
We can use the Lebesgue dominated convergence Theorem for /x to have: 

H(l e ) - MM) if e -> 0. 
We construct cutoff function ?7 e G D(dfl) on /a, <5 = mini<j 7 t J < m {rf(Sj, Xj)/2} ( we can use 
charts), as: 

7] € = 1, on 7 7e , < e < <S/2, 
?7 e = 0, outside 

< ?7 e < 1, 

ivy 11 ^ Co(0,a;o) 

T] e = 1 on J/ e and ?7 e = on 90 — /2e- 
We extend r\ f to a function ij e on as, 

J Ary e =0, in 
[r/e = 7y £ , on 90. 

Key 1: We can extend r\ t to a function fj e explicitly, we take i] £ and we translate it with respect 
to the normal vector in x a , after we regulise it like for r\ f between e and 2e on [—a, a] C 90.. 

We know from strong maximum principal and the elliptic regularity,( because fj e — e G Cq (O) 
Fensemble des fonctions C 1 nulle au bord, see [J] and [G-T] for example: 

0<f/ e < 1, 

C 

||V^ e || L oc(Q) < — , Ci depends only on and xo- 

Those estimates are easy obtained, because we use the Keyl, the functions fj e or constant in 
t, because fj € (t, x) — r] e (x) in the most important part of the new subdomain of 0, also on the 
corners where we have the estimate of type c/e, c > 0. 

Now, we write: 

A[(«j - u) Ve } = {V t e Ui - Ve u )f,e - 2 < V(u< - tx)|Vr? e > . (**) 
Here we want to prove that for e > small enough, 



/ \A[{ Ui - u^dx < 4tt - e /2. (1) 
Jn 



where e > small enough. 

Remark: To ontain our estimate, it is sufficient to choose and to redius the J 2 £- In fact we 
want to find e > 0, and a rank %' = i'(e') G N sush we have an uniform estimate for the sequence 
(ui)i on a domain which the boundary in dSl is I e >. 

Here we do not search to tend e to to have an estimate, but only reduce it to have a local 
uniform estimate. 

Step 1: Estimate of the integral of the first term of the right hand side of (**). 
We have, 

j Au = Ve u in fl 
)u = 0, on 90, 

and, 

{A?7 £ = in CI 
T)t = ri e , on dfl, 
We use the Green formula between f] t and u, we obtain, 

f Ve u rj e dx = [ 8 v ur] e < 4e\\d v u\\ L oo = Ce (*') 
Jn Jon 

We have, 



I Am, = Vie Ui in 
1 Ui = 0, on <9£1, 
We use the Green formula between u t and r/ e to have: 



/ 

Jn 



Vie Ut fi e dx = / dyu^da —>i^ +00 < Khe) < 47r - e , e > (*") 

Jdn 



In 

From (*') et (*") we have for all e > there is i = io( e ) suc h that, for i > i , 



J 

Jn 



| (V t e u * - Ve u )ij e \dx < 4tt - e Q + Ce (*'") 

in 

Remark: In fact, we reduce the interval I t and we conserve the fact that the integral is strictly 
smaller than Air. The fact that e > is small for the interval is not a problem, because our goal 
is to find an e for which the estimate of the integral in (**) is strictly smaller than Air. 

Step 2: Estimate of integral of the second term of the right hand side of (**). 

Let S e = {x £ fl, d(x, dCl) = e 2 }, e > 0. Then, for e small enough, S e is hypersurface. 

We can construct another hypersurface, more easly. We know that fl is a regular 2-manifold 
with boundary, we use the definition of 2-manifolds with boundary, and, around the boundary, 
after using the conpactness, we can couver the boundary by a finite number of open set of charts, 
we work locally on open sets of and we construct step by step a 2-manifold S! £ 2 contained 
in Q with a smooth boundary. (The only problem is to have regularity of the boundary between 
each two charts). 

The measure of ft — O e 2 is /c 2 < Ml(0 — £! e 2) < k\e 2 . 

Remark: for the unit ball _B(0, 1), our new manifold is B(0, 1 - e 2 ). 

We write, 



/ I < V(ui-u)\Vrj e > \dx = | < V(ui-u)\Vfi e > \dx+ / < V(uj-u)|V7? e > \dx. (***) 
Jn Jn r , Jn-n e , 

Step 2.1: Estimate of J n _ n \ < V(iij — u)|V?7 e > |dx. 

First, we know from the elliptic estimates that 1 1 Vry e | < C\ /e, C\ depends on fl 

We know that (|Vuj|)j is bounded in L q , 1 < q < 2, we can extract from this sequence a 
subsequence which converge weakly to h 6 L q . But, we know that we have locally the uniform 
convergence to |V«|, then, h = \ Vu\ a.e. 

If we take / = ln_n 2 , we have: 



< 



for e > 3 ii = ii(e) e N, i>ii |Vu;| < / |Vu| + e. 

Jn~n e2 Jn-n t2 

Then, for i > ii(e), 

/ |Vuj| < mes(fi - f7 £ 2)||Vu|| L oo + e 2 = e 2 (fci||V«||i,oo + 1). 
Jn-n e2 

Thus, 

/ | < V(«i — «)|V^ e > Idas < ||V^ e ||oo [ / |V«i| + |V«|] 
Jn-n t2 \Jn-n £ 2 J 

< eCi(fci||Vu|| L =c + 1) + d [ |V«| < eCi(2fc 1 ||Vw|| L oc + 1) 

Jn-n e2 

Finaly, we have, 

/ | < V(u 4 - u)|Vry e > \dx < eCi(2fci||Vu|| L oc + 1) (5) 
Jn-n € 2 

The constant C\ do not depend on e but on fi, in its definition. 
Step 2.2: Estimate of J Q 2 | < V(u, — u)|V?7 e > |dx. 

We know that, £1 £ CC f2, and itj — > u in C^Q^) 
We have, 

||V(«i - u)||l~(0 £2 )II < e 2 > f or * > «3 = 

We write, 

/ | < V(ui - u)\Vfj e > \dx < || < V( Ul - u)\\ L oo {n 2 )||V^ e ||ioo < Cie for i > i 3 , 
Jn e2 

For e > 0, we have for i e N, i > max{ii, i 2 , 13}, 

[ I < V(ui - u)\Vfj e > \dx < eCi(2fci||VM|| L oo + 2) (*"") 
Jn 

From (*"') and (*""), we have, for e > 0, there is i 3 = 13(e) £ N, i 3 = max{i , i\, 12} such 
that, 

/ \A[(u t - u)ij e ]\dx < 4tt - e + e2C 1 (2k 1 \\Vu\\ L o, + 2 + C) (*) 
Jn 

We choose e > small enough, we have (1). 
We have: 



I A[(ui - u)fj e ] = g lte in ft, 
1 (ui — u)fj e — on <9f2. 

With ||5i, e ||i,i(n) <47r-e - 

We can use the theorem 1 of [B-M] to conclude that there is q > 1 such that: 



/ e q{ - Ui ~ u) dx< f e q{ui - u ^'dx<C{e,n). 



'Ve(xo) 

where, V e (xo) is a neighberhooh of x in ft. 

Thus, for each x £ <9ft — {x\, . . . ,x m } there is e Xo > 0, > 1 such that: 

e q *o u *dx <C, V i. 



Ib 



Now, we consider a cutoff function 77 G C°° (K 2 ) such that: 

1=1 on B(x ,e Xa /2) and 77 = on R 2 - B(x ,2e Xo /3). 

We write, 

A( Ui jj) = Vie Ui r] - 2 < Vt^Vti > +UjAr?. 

It is easy to see that the right hand side of the previous equation is uniformly in L qi (ft) for 
qi = mi{q Xo , 2}. Thus, we can use the elliptic estimates to have (uiT))i uniformly bounded in 
W 2 ' qi (ft) and by the Sobolev embedding, we have (7^77), uniformly bounded in C^ft), and if 
we repit the previous procedure, we can say that (uiT])i is uniformly bounded in C 1,6l (ft) for 
some 9 e]0, 1[. 

Finaly, we have, for some e > small enough, 

\\ui\\c^.0[B(x o ^)] < C 3 V 7. 

Finaly we have proved that, there is a finite number of points x\ , . . . , x m such that the squence 
(ui)i is uniformly bounded in ft — {xi, . . . ,x m }. 

We know that, because m — on 9ft and Auj > : 

max Ui = Ui(xi), Xi £ ft. 

Without loss of generality can assume that Xi — ► x\. 
3) Comparison of the measures. 

Here we want to compare the usual measure da = dfiL on <9ft with the new measure /j. 
Step 1: 

Here, we want to prove that: 

I dyUipda + y~] fikV>(xk) = / tpd/i, (2) 
Jan k=1 Jan 

here, pi = fi({x l }). 

Proof. It follows from the uniform convergence of our sequence on every compact set(obtianed 
by the diagonal process). 

Step 2: 



Next, to simplify our computations, we assume that the piece of curve of dtl are as intervals 
with the usual Lebesgue measure denoted pn,. We also write dx — d[iL and Xk = k — 1, k = 
l,...,m. 

Without loss of , we can suppose the local piece of curve around is an interval of type [—a, a], 
also, we dnote [i^ the usual measure on d£l and we can write da — d^L- 
We want to prove that around every blow-up point fc G {0, . . . , to}, 



where a k > is such that, 

Vi > a k > on [-a k ,a k ] (4) 

Fundamental remark : (relation between the fact < a < Vi < b and Vi — > V in C°(0) ): 
To prove localy a realtion between the two measures, we need a condition as in (4), it is the case 
when we assume < a < Vi < b. Now we look to the condition, Vi — > V in C°(Cl). 

We know that is a blow-up of {d v Ui)i. We take a continuous function ip e with compact 
support on [—a, a] such that: 



da = hkdfi with h > 0, h G a^, a^], d/i) (3) 



< ipe < 1, v? e = 1 on [—6, 6] with 26 < a. 



i£>e vanish outside [—26, 2b]. 





d v Uiip e da — > /i(^ e ) > m({0}) = Mi > 



The maximum principle imply that = min^ < if t < ip e < max^ ip e = 1. 



If V(0) 



0, thus, 



But, V 



Ve'>03(5>0 such that < V(x) < e' on [-6, 5] 
Vin C°(n),then, 



Vie [-5', 5']Vi>i < V(x) < 2e' 



with 5' = 



inf{(5, b}. 



If we use the fact that J Q e Ui dx < C, we have, 



It is a contradiction if we take e' 



< mi < 2Ce' V e > 0, 
0. 



Finaly, 



V(0) > 0. 

The fact that V V in C (O), imply that, 



(5) 



3 a',ao > suchthat Vi(x) > a > on[— a', a'] 



Now, we want to prove (3). 



we try to prove that the measure d[i is absolutly continous to da : 
We want to prove, 



H(A) = 0^^ L (A) = 0. 
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Without loss of , we can suppose the piece of curve is an interval [—a, a], also, we dnote [i^ 
the usual measure on dil and we can write da = d\i^. 

Let A C [—a, a] such that /it (.A) = 0. The measure \x is regular and we have, 



= fi{A) = sup{^(?7), U open set A C f/}. 
V e > 0, 3 £/ e open set of [—a, a] such that n(U e ) < e. 

We consider u> e C C/ e such that lil(U £ — co € ) < e. (It is possible by an exhaustiv sequence of 
compact sets of U € ). 

We take a continuous function <p € with compact support on U € such that: 

< (f e < 1, <p e = 1 on w e . 

Consider the following system: 

{A<^ e = dansSl 
Now, we can use the Green formula between <p € et to obtain, 

T^e Ui <p e dx = / d u Uiip e da — > ^(<p e ) < /u(t/ e ) < e - 
Let G be the Green function of the Laplacian on £1 We can write: 



We can write, 



(x) = / d v , y G(x, y)(p e da. 
Jon 



Then, 



Vie Ui (p e dx > a / Vie Ui / d^. y G(x,y)(p e dadx. 
n Jn Jan 



I Vie Ui Lp t dx > a / / d Vty G(x,y)ip e dadx. 

Jn J(x.d(x,dn)>a n Jon 



With < a < ^ sup{d(x, y) 7 x,y G 0}. 
We use the definition of the Green function, 

AG(x, y)=5 x , G{x, y) = on 90. 

Let, 

Si = {a;,d(a;,dQ) > a > 0} and £ 2 = {y,d(y,dQ) < a /2}. 
We have E\ (1 E 2 = {0} and by the strong maximum principle, we have, 

d v , v G(x,y) >I3 >0 V xeE u yeE 2 . 

Then, 

/ Vie Vi <p e dx > m Mi(w e ). 
Jo 

We can write, 

m fi L (uj e ) = m [iJ, L (U) -e]< fJ,(U e ) + e < 2e. 

Then, 

Mi)<Mf/e)<^. 

m 

Finaly, 
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Ml(j4) = 0. 

If we use the Radon-Nikodym theorem we obtain (3). 



4) The Local convergence 2 

Next, to simplify our computations, we assume that the piece of curve of dfl are as intervals 
with the usual Lebesgue measure denoted [il- We also write dx = d[i^ and Xk = k — 1, k = 
l,...,m. 

Without loss of , we can suppose the local piece of curve around xo = is an interval of type 
[—a, a], also, we dnote //£ the usual measure on dCi and we can write da = d^L- 
We follow the method of the "local convergence 1", we choose other type of function i] £ . 



< 



2/3 



on \x\ < e, < e < 5/2, 



3, on [e, 2e] 



% = 1, on [e,2e] 
% = - 
?7 e = 0, outside [3e, a], 
I0<r/ e < 1, 



A computation gave: 

\We\\wi*/*([-3e,3e]) - ^l 6 ""' a > ( 6 ) 

Remark about the exponent 5/2 , here our functions r\ t are not C 1 , but in M^ 1 ' 5 / 2 with 5/2 > 
2, and when we use the Holder inequality in 

In < — u)|r? e we can use many argument to have this quantity small. 

We extend ri e to a function ij e on fj as, 

J Afj e =0, in 
[?7 £ = rj tl on 90. 
As in "The local convrgence 1" we have the: 

Key 2: We can extend r] e to a function fj e explicitly, we take rj e and we translate it with respect 
to the normal vector in x a , after we regulise it like for r\ f between e and 2e on [—a, a] C dfl.. 

We know from strong maximum principal and the elliptic regularity,( because f\ t — fj e G Cq (Q) 
Fensemble des fonctions C 1 nulle au bord, see [J] and [G-T] for example: 



< fj e < 1, 



Ci 



ll^ 7 '?e||L 1 ' 5 / 2 (o) < ~7 >/3 > C\ depends only on and x 



(7). 



Those estimates are easy obtained, because we use the Key2, the functions f\ t or constant in 
t, because fj e (t, x) — rj e (x) in the most important part of the new subdomain of O, also on the 
corners where we have the estimate of type c/e s , s > 0, c > 0. 



Now, we write: 

A[( Ui - u) Ve ] = {V ie Ui - Ve u )^ - 2 < V{u t - u)|Vrj e > . 
Here we want to prove that for e > small enough, 



(8) 



/ |A[(ui -u)fi e )\dx < An-eo/2. 



(9) 



where e > small enough. 



n 



Remark: To ontain our estimate, it is sufficient to choose and to redius the I 2t - In fact we 
want to find e > 0, and a rank i' = i'(e') G N sush we have an uniform estimate for the sequence 
(ui)i on a domain which the boundary in 90 is I e '. 

Here we do not search to tend e to to have an estimate, but only reduce it to have a local 
uniform estimate. 

We can use the (1) and (2) to have, 

(d„Ui)r] e (x)dx — > / r] e (x)dfi = / {d„u)r] e (x) < 6e\\d„u\\ L °°- 

e J-3e J-3e 

Step 1: Estimate of the integral of the first term of the right hand side of (9). 



We have, 



and, 



Au = Ve u in 
u = 0, on 90, 



J Ary e = in O 
I f] e = ri t , on 90, 
We use the Green formula between rj € and u, we obtain, 

/ Ve u rj e dx= [ d u ur] t < 4e||9„u|| L oc = Ce (*') 
Jn Jan 

We have, 

JAu, = V l e u ^ in 
1 Ui = 0, on 90, 
We use the Green formula between Ui and r\ t to have: 

/ Vie Ui fj t dx= / d u UiT] e da — >i^ +00 fJ-iVe) = / -q e (x)dn = \ (d^u)r] e (x) < 6e\\d„u\\ L oo .(*") 
From (*') et (*") we have for all e > there is i = »o( e ) suc h that, for i > i , 

f \{y^ ~Ve u )fi e \dx<4n-e + Ce (*'") 

Remark: In fact, we reduce the interval I t and we conserve the fact that the integral is strictly 
smaller than Air. The fact that e > is small for the interval is not a problem, because our goal 
is to find an e for which the estimate of the integral in (**) is strictly smaller than Air. 

Step 2: Estimate of the integral of the second term of the right hand side of (8). 

Let S e = {i £ O, d(x, 90) = e 2 }, e > 0. Then, for e small enough, S e is hypersurface. 

We can construct another hypersurface, more easly. We know that O is a regular 2-manifold 
with boundary, we use the definition of 2-manifolds with boundary, and, around the boundary, 
after using the conpactness, we can couver the boundary by a finite number of open set of charts, 
we work locally on open sets of IR+ and we construct step by step a 2-manifold £ contained 
in with a smooth boundary. (The only problem is to have regularity of the boundary between 
each two charts). 

The measure of O — £ 2 is ^^(O — O e ) < fcie 7 . 

Key 3 : The choice of 7 is linked to (3, we choose it later where apear [i^ (O — O e ) and e _/3 . 
We write, 
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/ I < V(ui-u)\Vrj e > \dx = / | < V(ui-u)\Vfj e > \dx+ / < V(ui-u)\Vf) e > \dx. 
Jn Jn t , Jn-n e , 

Step 2.1: Estimate of J n _ Q \ < V(iij - u)\Vrj e > \dx. 

First, we know from the elliptic estimates that | Vry e 1^5/2 <C\j e' 3 , Ci depends on O 

We know that (| Vui| 5 / 3 )i is bounded in L 3 / 2 , 1 < 3/2 < 2, we can extract from this sequence 
a subsequence which converge weakly to h E L q . But, we know that we have locally the uniform 
convergence to |Vu|, then, h = Vu| 5 / 3 a.e. 

If we take / = ln-Q e2 , we have: 

for e > 3 ^ 1 = h(e) e N, i > h [ |Vu 4 | 5/3 < f |Vu| 5/3 +e 7 < (1+ 1 1 Vw| . 

Jn-n. Jn-n e 



If we use the Holder inequality we have, 



/ < V(ui - u)\Vfj e > \dx < ||Vf) e || L 5/2 x / (|V«i| + |Vii|) 5/3 da 

iti-n e 2 Un-n e 

The Minkowski give, 

/ | < V(«i-u)|V»7 e > \dx < C 2 e- ([ QVu^ 3 ) ' + ( [ \Vu\f/ 3 d. 
Jn-n 2 \Jn-n e / \Jn~n e 



3/51 



Thus, 



/ < V(u, - u)|V?7 e > \dx < C 3 e 5/3 '>- 
Jn-n, 2 



II suffitde prendre 5/37— /? > pour avoir une estimation negligeable del' integrate J n _ n \ < 
V(u, — u)|Vry £ > \dx 

Step 2.2: Estimate of J Q \ < V(u, — u)\Vrj £ > \dx. 

We know that, O e CC ft, and m — > u in C 1 (O e2 ) 
We have, 



|V(itj - u)||l~(o £2 )II < £/3+i, for i > i 3 = « 3 (e), 



We write, 



/ I < V(w, - u)\Vfj £ > \dx < || < V( Ul - u)||L~(o e2 )||V?7 e || L ~ < de for i > * 3) 
For e > 0, we have for « e N, i > max{ii, i 2 , i 3 }, 

/ I < V(m, - u)\Vfj e > \dx < eCi(2fci||VM|| L oo + 2) (*"") 
Jn 

From (*'") and (*""), we have, for e > 0, there is i 3 = i 3 (e) £ N, i 3 = max{i , ii, 12} such 
that, 

/ |A[( U4 - ? i)77 e ]|rfx<4^-e + e2Ci(2fc 1 ||V U || L =c +2 + C) (*) 
Jn 

< eCi(A5i||Vu|| L « + 1) + d [ \Vu\ < eCi(2fc 1 ||Vu|| L =c + 1) 



Finaly, we have, 



(***) 
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/ I < V(m, - u)\Wfj e > \dx < eCi(2fci||Vu||i,oo + 1) (*) 
Jn-n^ 

The constant C\ do not depend on e but on f2, in its definition. 
For e > 0, we have for i E N, i > max{ii, 12}, 

< V(t*i - u)|V?7 £ > |<ia; < eCi(2fci||Vu|| L oo + 2) (*"") 

Q 

From (*'") and (*""), we have, for e > 0, there is i 3 = i 3 (e) e N, 13 = max{i , i\, 12} such 
that, 

/ |A[(u 4 -u)77 e ]|dx<4^-eo + e2Ci(2fc 1 ||Vu|| L oc +2 + C) (*) 
We choose e > small enough, we have (1). 
We have: 

j A[(uj - u)?y e ] = g^ e in 0, 
1 (uj — u)fj e = on <9f2. 

With ||5i,e||i,i(a) <47r-e - 

We can use the theorem 1 of [B-M] to conclude that there is q > 1 such that: 

I e q{u *- uyn 'dx< j e^-^'dx < C(e,n). 
Jv t (x ) Jn 

where, V^(xq) = B(xo, e) (~l f2 is a neighberhood of x in fi. 



We have, 

/ e^^^dx < C, V i. 

J B(x ,e xo ) 

Now, we consider a function r\ e C°°(IR 2 ) such that: 



A( Ul r]) = Vie Ui r) - 2 < Vui\Vr) > -^Ar/. 
It is easy to see that the right hand side of the previous equation is uniformly in L qi (O) for 
qi = inf q Xo ,2. Thus, we can use the elliptic estimates to have (ui%)i uniformly bounded in 
W 2 ' qi (O) and by the Sobolev embedding, we have (uiT] e )i uniformly bounded in C 1 (O), and if 
we repit the previous procedure, we can say that (uiT] € )i is uniformly bounded in C 1 ' 6 ^) for 
some e]0, 1[. 

Finaly, we have, for some e > small enough, 

\\UiVe\\c^<>lB(x ,e)] < c 3 V L 

We know that, because Ui — on dfl and Aui > : 

maxui = Ui(xi), Xj G 0. 

Without loss of generality can assume that 
We take the convention xq = 0. We have: 



A[(uj - u)?? e ] = £/ i;6 in 0, 
(lij — u)ry e = on Sf2. 



With||ft, e || L i ( n) <47r-e - 



We can use the theorem 1 of [B-M] to conclude that there is q > 1 such that: 
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f e q ^- u ^dx< [ e^-^'dx < C(e,0). 
Jv.(xn) 



'Ve(xo) 

where, V e (xo) is a neighberhooh of x n in fj 
There is e Xo > 0, q Xa > 1 such that: 



Ib 



e q *o u ^dx <C, V i. 

Now, we consider a cutoff function 77 e (^(R 2 ) (smooth functions with compact support) 
such that: 

A (11*77) = Vie Ui r] - 2 < Vu^Vr; > +u l Arj. 
It is easy to see that the right hand side of the previous equation is uniformly in L qi (12) for 
qi = mi{q Xo , 2}. Thus, we can use the elliptic estimates to have (iiir))i uniformly bounded in 
W 2 ' qi (il) and by the Sobolev embedding, we have (uiT])i uniformly bounded in C 1 (H), and if 
we repit the previous procedure, we can say that (uiT])i is uniformly bounded in C 1,e (f2) for 
some 9 e]0, 1[. 

Finaly, we have, for some e > small enough, 

\\Uifj e \\c^0[B( Xo ,e)] < c 3 V L 

On I € = [— e, e], because Uj = on I e , 

For y e n \V(uiT] e )(y)\ = \Vu l (x)r] <i (y) + u t (y)V^ e {y)\ < c 3 
If we tend y — > x 6 I € — {0}, ( ?7 e (x) — > r) € (x), x ^ and Uj(a;) = 0) we obtain, 

|Vu,(x)| = <9„u;(a;) < c 4 |x|~ 2/3 , on[-e,e] - {0} 

Thus, 

y [d u Ui(x)] 4/3 dx <c 5 V i > i 4 , »4 G N 

But, 

After a subsequence, <9„Wj converge weakly to ^u, thus, 

J d„Uiipdx — > y <9„u<£, Vtp e C c ([— e, e]) 
Where, C c ([— e, e]) is a set of continuous function with compact support. 
But, we know, 



/ d v unpdx — / d v Uifdx — > ^jd//. 
Jan >/-e 



Also, we know that, 

dx — hdfi, 



Then, 



We conclude that, 



It means thta, 



[{d v u)h - l]dfj,ip = Odx, Vip e C c ([-e, e]) 
(d v u)h = 1. /j.a.e 
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It is a contradiction. 



m = and h(0). 
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